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Abstract. We prove that a sequence {fi)°^ 1 of translates of a fixed / <E L p (M) cannot 
be an unconditional basis of L P (M) for any 1 < p < oo. In contrast to this, for every 
2 < p < oo, d G N and unbounded sequence (A„)„ 6 n C K d we establish the existence of 



a function / <G L p (M. d ) and sequence (<7^) n eN C L*(M. d ) such that (T\ n f, g„) n &^ forms an 
unconditional Schauder frame for L p (M. d ). In particular, there exists a Schauder frame of 
integer translates for L p (M.) if (and only if) 2 < p < oo. 



1. Introduction 

If d G N and A G IR d , the translation operator T\ is defined by T\f(x) = f(x — A) for all 
x G W 1 and / : IR.^ — > ~R d . Note that for the case d — 1 and A > 0, the operator T\ is simply 
translation by A units to the right. Given 1 < p < oo, / G L P (R), and AcK, the resulting 



space X p (f,A) = span{Tx/} AeA and set {Ta/}a6A have been studied in a variety of contexts 
and in particular arise in the study of wavelets and Gabor frames [HSWW[ CDH]. 

Some of the natural problems to consider when studying translations of a fixed function 
/ relate to characterizing when can X p (f,A) = L p (M. d ) and when can {T\f}\ e & be ordered 
to form a coordinate system such as a (unconditional) Schauder basis or (unconditional) 
Schauder frame for L p (M. d ). For d = 1, the cases when A = Z or A = N are of particular 
interest. For 1 < p < 2, a Fourier transform argument yields that there does not exist an 
/ G L P (R) such that X p (f,Z) = L p (R) [SO]. On the other hand, for all {A n } neZ CR\Z 
such that lim n ^ ±00 |A„ — n\ — 0, there exists / G L 2 (M.) such that X 2 (f,Z) = L 2 (M) [U]. 



2000 Mathematics Subject Classification. 46B20, 54H05, 42C15. 

Research of the first, second, and third author was supported by the National Science Foundation. 

1 



2 D. FREEMAN, E. ODELL, TH. SCHLUMPRECHT, AND A. ZSAK 

The case 2 < p < oo is completely different, as for all 2 < p < oo there exists / G L P (R) 
such that X p (f, Z) = L p (R) and, moreover, T m f G" X p (f, Z \ {m}) for all m G Z |AOj . 

Suppose that / G L P (R) and that {T\f : A G A} is an unconditional basic sequence in 
L P (R). What can be said about X p (f,A)l If 1 < p < 2 then {T x f : A G A} must be 
equivalent to the unit vector basis of £ p . If 2 < p < 4, then X p (f, A) embeds into £ p but 
(T\f)\eA need not be equivalent to the unit vector basis of £ p . These results were shown 
in |OSSZ] and imply in particular that for all 1 < p < 4 (with |CDH] for the case p — 2), 
there is no function / G L P (R) and set A C t so that (T\f : A G A) is an unconditional 
basis for L P {R). For 4 < p < oo, there exists / G L P (R) and A C N such that (T\f)\ e \ 
is an unconditional basic sequence and L P (R) embeds isomorphically into X p (f, A) |OSSZj . 
In Section 3 we prove that if (T\/)AeA is an unconditional basic sequence in with 
2 < p < oo such that X p (f,A) is complemented in L P (M) then (T\f)x e \ must be equivalent 
to the unit vector basis of l p . In particular, X p (f, A) 7^ L P (R). Thus, by filling the gap 
(4, 00), we have for all 1 < p < 00, that there is no function / G L P (M.) and set A C M. so 
that (T\f : A G A) is an unconditional basis for L P (R). 

A basic sequence (xi) can uniquely represent every vector in its closed span in terms of an 
infinite series. We now drop the uniqueness requirement of the representation and consider 
frames formed by translating a single function. Though there exists AcK and / G L,2(M.) 
such that X2(f, A) = Z^K), there does not exist A C K. and / G ^(M) such that {T\f}\ e \ 
is a Hilbert frame for L9(R) [CDHj . In the case of translation only by natural numbers, for 
all A C N and / G L 2 (M), the sequence (T\/)aga is a Hilbert frame for X 2 (/, A) if and only 
if it is a Riesz basis for A^/, A), i.e., (T\f) must be equivalent to the unit vector basis of 
£2 |CCKj . In Section [3] we provide some background on Schauder frames for Banach spaces 
and prove that there exists a function / G L P (M) and sequence (g*) n€ N C -K(IK0 such that 
(T n f, (/*) ne N forms an unconditional Schauder frame for L P (R) if (and only if) 2 < p < 00. 
More generally, we prove that for every 2<p<oo,<iGN and unbounded sequence (A„) n <=N 



UNCONDITIONAL STRUCTURES OF TRANSLATES FOR L p (R d ) 3 

in M, d , there exists a function / G L p (R d ) and sequence (<7*) n6 N sucn that (T Xn f, g£) n eN forms 
an unconditional Schauder frame for L p (R d ). 

For 2 < p < oo, if L p embeds into X p (f,A) and X p (f,A) is complemented in L P (R) 
then (Ta/)aga cannot be an unconditional basic sequence in L P (R). However, it is possible 
that (Txf)xeA c & n be blocked into an unconditional FDD. We prove in Section H] that for 
2 < p < oo there exists / G L P (R) and A C N so that X p (f,A) is isomorphic to L p , 
X p (f,A) is complemented in L p , and {Ta/}a£A can be blocked to form an unconditional 
finite dimensional decomposition (unconditional FDD) for X p (f,A). 

In Section [51 we study the restriction operator Tj : L p — > L p given by x t— > a;|/ where 
7 C R is some bounded interval. Assuming (T\ t f) is an unconditional basic sequence, we 
characterize for what values of 1 < p < oo must the map Tj : X p (f, (Aj)) — > L p be compact 
for all bounded intervals 7 C 77. We prove as well other relationships between the restriction 
operator Xj : X p (f, (\)) —> L p and the structure of X p (f, (Aj)). Lastly, in Section [6] we give 
some open problems. 

2. Unconditional bases of translates 

Theorem 2.1. Let 2 < p < oo and / G L P (R). If (T\f : A G A) is an unconditional basis 
of X p (f, A) and X p (f, A) is complemented in L P (R), i/ien (T\/)asA equivalent to the unit 
vector basis of £ p . 

We will need the following result from |JOj . 

Proposition 2.2. |JOl Section 3, Lemma 2]. 7ei 1 < q < 2. 7ei (/j) C L 9 (R) 6e semi- 
normalized and unconditional basic. Assume that for some e > t/iere exists a sequence of 
disjoint measurable sets (B i ) c *L 1 with \\fi\Bi\\q > s, for all i. Then is equivalent to the 

unit vector basis of i q . 
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Proof of Theorem \2.1[ Without loss of generality we can assume that ||r Ai /|| p = ||/|| p = 1, 
for i G N. Put fi = T\.f and X = X p (f,A) and let Y C L p (R) be a complement of X in 
L P (R). Denote the biorthogonals of (fi) inside X* by (gj and let gi, i G N, be the extension 
of <7, to an element of L*(R) = L 9 (R) with = 0. Thus (<&) is an unconditional basic 
sequence inside L q (M) which is biorthogonal to (fi) and vanishes on Y . 

Recall that if {T\f : A G A} is a basic sequence in L p (R), for some / G L P (R) and ACM, 
then A is uniformly discrete |OSSZj . That is, we may choose 5 > such that 

< 5 < inf {| A — y\ : A, /i G A, A 7^ /i}. 

For j G Z, we define the interval Ij = [jS, (j + 1)5). 

Claim. There exist iV e N and e > 0, so that: for all z G N there is an U G Z and a 
ji G 0i, + 1, • • • , + A r }, so that 

f. ^ if i ^ i\ and ll^l/^ || 5 > e. 

Indeed, choose first l G Z and A" G N so that 

/(*)| dz + / |/0)| P cb < — ( sup||c/i||P) 

Then for i G N choose /.j G Z such that 

W < (h + 1)5 - Xi < (l + 1)<S. 

Note that if i ^ i' it follows that |A$ — \>\ > 5 and, thus, U ^ l^. Moreover, 

/liS pco 
\f(x-Xi)\ P dx+ \f(x - Xi)\ p dx 

J(h+N+1)8 

/liS—Xi poo 
\f(z)\ p dz + / \f(z)\ P dz 
-oo J (li+N+l)8-Xi 

/l S rco i ! 

+ / \f(z)\ p dz<-(sup\\gX) ■ 
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Thus, by Holder's Theorem and the fact that ||/|| p = 1, it follows that 

w^il ^ S^ l3 gifidz = 1 ~ S^j^i 3 9ifi - 1 " w fi M~x iX * 2 • 

Letting e = 2(jv+i) we deduce our claim. 

Since the Zj's are distinct, it follows that for each fceZ 

#{ieN:ii = A;} < #{2 : A; G [U* + iV]} = #{z : f, G [fc - iV, fc]} < N + 1 . 

For each A; G Z we can order the (possibly empty) set {i G N : ji = k} into i(k, l),i(k, 2), 
. . . i(k, rrik), with < m\. < N + 1 (where we let = if {i G N : ji = k} is empty). 
For fceZ and s G {1,2... m fc } put = fi^). 

For each s < N + 1 it follows that the sequence (g^ : k G Z and > s), satisfies the 
condition of Proposition ^. 21 with Bk = [kS, (k + l)5), as long it is infinite and must therefore 



be equivalent to the unit vector basis of £ q . Thus, since span{(7j} ieN is the unconditional sum 
of [g^ : k G Z and > s], s = 1, 2, . . .N + 1, it follows that (gi) must be equivalent to 
the unit vector basis of £ q . Since X is complemented in L P (M.) and = (recall that 
L p = X © Y) and = g i for i G N it follows that (gj is equivalent to (#«) and, thus, also 
equivalent to the unit vector basis of £ q . But this implies that (/;) is equivalent to the unit 
vector basis of £ p . □ 

Corollary 2.3. If f G L P (M), 1 < p < oo, (T\/)agA is an unconditional basis for X p (f,X) 
then X p (f, A) ^ L P (R). 

3. Unconditional Schauder frames of translates 

In Section [2l it was shown that there does not exist an unconditional basis of translates 
of a single function for L P (M) for any value 1 < p < oo. In contrast to this, we will show 
that Lp(R) has an unconditional Schauder frame of integer translates of a single function if 
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(and only if) 2 < p < oo. Before proving this result, we will develop some basic theory of 
Schauder frames. 

If X is a separable Banach space, then a sequence (xj, g*)iZi C X x X* is called a Schauder 
frame for X if 



A Schauder frame (xi,^*)^ C X x X* is called an unconditional Schauder frame for X 
if the series ([I]) converges unconditionally for all x G X. Recall that a series converges 
unconditionally if it converges for any ordering of the elements of the series. 

Let X be a separable Banach space. Assume that a sequence (xj, <7*)^i C X x X* satisfies 
that the operator S" : X — > X defined by S(x) = Yl^i 9i( x ) x i * s wen defined (and hence 
bounded due to the uniform boundedness principle). S is called the frame operator for 
( x ii9i)iZi- Note that the sequence (x^g*)^ C X x X* is a Schauder frame if and only if 
the frame operator is the identity. We define (xi, g*)iZi to be an approximate Schauder frame 
if the frame operator is bounded, one to one, and onto (hence has bounded inverse), and we 
define (xi,g*)^i to be an unconditional approximate Schauder frame if it is an approximate 
Schauder frame and the series 9i( x ) x i converges unconditionally for all x G X. A 

similar notion of a frame was studied by Thomas in the context of £^ [T] . 

Lemma 3.1. Let X be a separable Banach space and let {xi 1 g*) c *L 1 C X x X* be an approx- 
imate Schauder frame for X with frame operator S. Then (xi, (S -1 )*^*)?^ is a Schauder 
frame for X . Furthermore, if (xj, g*)^i is an unconditional approximate Schauder frame for 
X, then (xj, (5 ,_1 )*(/*)^ 1 is an unconditional Schauder frame for X . 

Proof. Let x G X. We have that S and S -1 are bounded. Thus, 



oo 



(1) 




for all x G X. 



i=l 



3C 



OO 



X = 



i=l i=l 
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Hence, (xj, (S 1-1 )* g*)^Zi C X x X* is a Schauder frame for X. Assume that {x i ,g*)°^ l is an 
unconditional approximate Schauder frame for X. If x G X and 7r : N — > N is a permutation, 
then S'(y) = Ei=i fl^i)^) 3 ^) for a11 2/ G Hence, 

oo oo 

x = S(S^x) = ^2g* {i) (S~ 1 x)x Ai) = ((S' 1 Yg* Ai) )(x)x nii) . 
i=i i=i 

□ 

In particular, Lemma I3TT1 implies that L p (M. d ) has a (unconditional) Schauder frame formed 
by translating a single function if and only if it has an (unconditional) approximate Schauder 
frame formed by translating a single function. This is important for us, as we will provide an 
explicit construction for an approximate Schauder frame of translates for L p (M. d ) and then 
apply Lemma [3.11 to obtain a Schauder frame of translates for L p (M. d ) for any p > 2. One 
way to verify that a sequence (xj, g*)^ C X x X* with frame operator S is an approximate 
Schauder frame is to show that \\S — Idx\\ < 1. 

Theorem 3.2. Lei 2 < p < oo and d£N. If (A n ) n£ N on unbounded sequence in M. d then 
there exists a function f G L p (M d ) and a sequence (<7*)„, e N C L*{R d ) such that (T\ n f, g*) n eN 
forms an unconditional Schauder frame for L p (R d ). 

Proof. Let (fij)^ be a normalized unconditional Schauder basis for L p (M. d ) with biorthogonal 
functionals (e*)^ such that e,j G L p (M. d ) is a function satisfying diam(supp(ej)) < 1 for all 
% G N. Let C u be the constant of unconditionality of (ej)^ 1 . For each k G N, choose 
iV fc G N such that (ET=i N l~ P/2 ) 1/p < A? We 

now inductively construct natural numbers 
n i,i < n>i,2 < ■■■ < fti,jVi < n 2,i < ••• < n 2t N 2 < ■ ■ such that if (k,i) > (s,t), in the 
lexicographic order, then 

( 2 ) - > 1 , and 



(3) 



supp(T_ A „ fc e k ) n supp(T_ Ans it e a ) = , 
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and if (k, i) > (s,t), (k,i) > (k',i'), (k,i) > (s',f), (s,t) ^ (s',t') and (s',t') ^ (k',i') then 

( 4 ) m MTx nait -x nk .e k ) n supp(T Aiv >t ,-\ nkl .e k >) = , 

and, finally, if (k,i) > (s,t), (k,i) > (k',i f ), (k,i) > (s',t') and (s',t') ^ (k',i') then 

(5) supp(T A „ fc .-A„ Sit e a ) n supp(T A „ s/ ^ Xny ^e v ) = 0. 

As we are choosing n k ^ G N, we can clearly satisfy (E]) and ([3]) by making n k ,i sufficiently large 
since each of the functions ej has compact support, and the sequence (A n ) ng N is unbounded. 
As we have diam(supp(ej)) < 1 for all i G N, we will automatically satisfy (J4]) when (k,i) = 
(k',i'). The (finitely many) remaining cases of (jlj) and ([5]) can then be satisfied by making 
n k ^ larger still using again the assumptions that the functions ej have compact support, and 
the sequence (A n ,) ne N is unbounded. 

As a result of the above inductive construction, we obtain the following two conditions. 
For all (k,i) ^ (s,t), 

(6) supp(T_ AnM e fc ) n supp(T_ Ajis t e s ) = 0. 

For all (s,t), (s',f), (k,i), (k',i'), if (s,t) + (s',f), (s,t) ^ (k,i) and (s',t') ^ (k',i'), then 

( 7 ) supp(T AnM _ A „ fc i e fc ) n swpp(T Xngi ti _ Xnhl ii e k ') = 0. 
Set / := J2T=i E£ N~ 1,2 T. Xn e k . Our first step is to show that / € L p (M. d ). 



/r °° Nk 
J k =i i=i 



d/x 



oo N k 



l 1 a — a J 



fc=l i=l 

oo 



N l~ P ' 2 as INI = 1 for all & G N 



k =i 
1 

< ¥cl' 
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Thus we have that / G L p (R d ). For each j G N, we define g* G L*(R d ) by 







if j = rik t i for some fceN and 1 < i < Nj,, 
otherwise. 



We now show that ^™- 1 gi(h)T\ i f converges unconditionally for all h G L p (M. d ). In 
particular, this would imply that the frame operator for (T\ n f, g^nen would be well defined 
and bounded. By Proposition l.c.l in |LTj . to prove that a series YlieN x i m a Banach 
space X converges unconditionally, it is sufficient to prove that for all e > there exists 
N G N such that for all finite subsets AcN with min(v4) > N, \\ J2ieA x i\\ < £ - Let e > 
and let h G L p (R d ) such that \\h\\ = 1. Choose M G N such that YI=u N^ p/2 < e and 
|| Y^hLm e i (h) e i\\ < e - Let A C N such that min(A) > Um,i- We now have the following 
estimate. 



oo N k 

(s,t)6N 2 fc=l »=1 



<|| E ^c^)^ -1 ^ +1 E *r 1/ae :co E ^^-a^ 



(s,t)eN 2 

n s ,t6-A 



n a ,t&A 



(k,i)^(s,t) 



E + ( E Nr p,2 \e:{h)\» E v /2 ) 



(s,t)eN 2 



1/p 



by 



' (s,t)<=N 2 
n s ,t£A 



oo N 3 



s=M t=l 



<a +c u EE^EE^- 



oo AT. 



(k,i)^(s,t) 



oo N k 



-p/2 



1/p 



s=Af t=l k=l i=l 

as min(A) > um,i and |e*(/i)| < C u 
i/p 



OO , OO OO v 1/p .. 

= C.E»+ C " E^E^'H <C u e + C u e L *±-. 

s=M ^s=M k=X ' " 

Since e > was arbitrary, the series Y^i9iW^if converges unconditionally. 
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Let S be the frame operator for (T Xn f, fi£) n eN- ^° snow that (T\ n f, g^nm forms an approx- 
imate unconditional Schauder frame for L p (R d ) it suffices to show that \\S — Id L \\ < |. 
Let h G L p (R d ) such that \\h\\ = I. Choose M e N such \\T.T=M+i e *i( h ) e i\\ < § and 
\\^Zn M>NM+ i9mTxJ\\<i Then 



11^ - = II E e *W e * -Y,9tih)T x J 



i=l 



i=l 

n M,N M 



< E 6 *^- E 9;(^a,/ 



i=l 



i=l 

M N a 



1 1 



E - EE^;w E E ^X,,,-^** 



i=l 



s=l t=l 



fe=l i=l 



i=i 



s=l i=l 
M N, 



=1 t=l 



(fc,i)^0,*) 



8=1 t=l 

M N. 



1 

4 



-p/2 



s=l t=l 

oo AT S 



1/p 



EE^ /2 i e *w E ^ 

(fc,i)*(M) 

<c(EEv' J EE«n 

= 1 t=l fe=l 2=1 

VP 



+ 



by 



(OO OO \ 1/p 

E^- p/2 E^" p/2 ) +7 
s=l fc=l ' 



< a, 



11 11 
- < -. 



2C U 2C U 4 2 



1 
I 



1 
I 
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Thus US' — Id Lp md\\\ < g and hence S is bounded and has a bounded inverse. This gives that 
(Tx n f, g£)neN forms an approximate unconditional Schauder frame for L p (M. d ), and hence 
(T\ n f, (S~ 1 )*5»*) ng N forms an unconditional Schauder frame for L p (R d ) by Lemma I3TT1 □ 

We now discuss some consequences of Theorem 13.21 Given a Schauder frame (xj, fi)^i C 
X x X*, let H n : X — >• X be the operator H n {x) = J2i> n fi( x ) x i- The frame (xi, fi)°Z ± is 
called shrinking if o H n \\ — )• for all x* G X*. A Schauder frame (xi, fi)°Zi C X x X* 
for a Banach space X is shrinking if and only if (fi, Xi) c ^ l C X* x X** is a Schauder frame 
for X* |CL] . Furthermore, every unconditional Schauder frame for a reflexive Banach space 
is shrinking |CLSj . |L], Thus the following corollary of Theorem 13.21 ensues. 

Corollary 3.3. Let 1 < q < 2 and d G N. // (A n ) ng ^ C M d «s unbounded then there exists 
a function f* G L*(R d ) and sequence (g n )nen C L g (IR d ) swc/i i/iai (g n ,T\ n f*) n( z^ forms a 
Schauder frame for L q (M. d ) . 

Note that in Corollary 13.3} the dual functionals (Tx n /*) n6 ^ are translations of a single 
function as opposed to the vectors (g n )n£N- 

In |CDOSZj . it is proven that every Schauder frame has an associated basis. Essentially, 
that means that Schauder frames can be considered as projections of bases onto comple- 
mented subspaces. In |BFLj . it is proven that every shrinking Schauder frame for a reflexive 
Banach space has a shrinking and boundedly complete associated basis, and it follows from 
the proof that if the frame is unconditional then the basis will be unconditional as well. 
Thus, the Schauder frame (T An /, 5 , *) T ieN for L p (R d ) will have an unconditional, shrinking, 
and boundedly complete associated basis. 

4. Unconditional FDDs of translates 

In Section [21, it was shown that for all / G L P (R), 1 < p < oo, and A C M, if (T\/)asa 
is an unconditional basic sequence and X p (f,A) is complemented in L P (IR) then (T\/)aga 
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is equivalent to the unit vector basis for l p . Instead of considering when (Ta/Oaga is an 
unconditional basic sequence, we now study the cases where {T\f)\ e \ can be blocked into 
an unconditional FDD. Given a Banach space X, recall that a sequence of finite dimensional 
spaces (Fi)^ C X is called a finite dimensional decomposition or FDD for X if for every 
x £ X there exists for all i G N a unique G Fi such that x = x i- An FDD is called 
unconditional if the series x = YliLi x i converges unconditionally for all x G X. 

Theorem 4.1. Let 2 < p < oo. There exists f G L P (R) and a subsequence (ni)'*L 1 of N 
so that for X = X p (f, (— n*)!^), i) X is isomorphic to L P (R), ii) X is complemented in 
L P (M), and Hi) there exists a partition of N into successive intervals (J 7 )^ =1 so that setting 
Fj = span{T„ ni /}j g j j; (Fj)jt 1 forms an unconditional FDD for X. 



Proof of Theorem 4-1 Let e > and choose a subsequence (A^)?^ of N so that 

oo oo j 1 

(8) J2 n j~* < 00 and Yl N J~* < e • 

Of course the second condition implies the first but we state both as they will be used. 

Let (h l j)'^ =1 be the normalized Haar basis for L p [3 l ,3 l + 1] for i G N. Partition N into 
successive intervals Ji, J2, ■ ■ ■ so that \Jj\ = Nj for j G N. 

Let 

00 

f = EE7f h ! and let * = T - 3i/ • 

The choice of 3* above yields, as in Section 2, that for i G Jj, 

(9) /i = —7= hj + ft 

v i 

where (/ij) is the normalized Haar basis for L p [0, 1] and moreover the functions (ft) have 
disjoint supports in E. Indeed 

suppft = |J[3 € -3 i , 3'-3< + l] . 
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feL. 



since 



Set 



j=i teJj 



h i 



oo 

N ]~^ < 00 ( b y 



i=i 



Then 
\\hn - 



h i 



E 



E 

«eJ 7 - 



i/p 



< iV p 2 
— 3 



v 1 



(since \\gi\\ p < 



By (151), for e sufficiently small, it follows that (^) is equivalent to (hj) and so L p embeds 
into X. 

Let i£j = span{/j : i G J,} and Fj = span{ {gi : i G Jj} U {hj}}. Since the g^'s are 
disjointly supported and (hi) is unconditional, it follows that (Fj) is an unconditional FDD 
for its closed linear span, Y. Ej is a co-dimension one subspace of Fj and thus (Ej) is an 
unconditional FDD for its closed linear span, X. Y is isometric to L p [0, 1] © £ p and this in 
turn is isomorphic to L p (K). 

Since X contains an isomorphic copy of L p , to prove that X is isomorphic to L p it suffices 
to prove that X is complemented in Y. Indeed Y is complemented in L p and so if X is 
complemented in Y then X is a complemented subspace of L p which contains a complemented 
copy of L p (by fJMST] ). By Pelczyhski's decomposition method |LTj . X is isomorphic to 
Lp. 

To accomplish this we will first define certain projections Pj from Fj onto Ej and then 
prove that P = ^E Pj is a projection of Y onto X. 

Let = NJ l ^ p gi G Fj \ Ej. We will prove that the seminormalized sequence (zj) 

satisfies d(zj, Ej) > c > for all j and some c. Pj will then be the projection of Fj onto Ej 
that sends Zj to and hence the Pj's will be uniformly bounded. 
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We let (hj) be the biorthogonal sequence to hj in L g [0,l] given by hj = | /ij | p_ 1 sign (/jj). 
Thns \\hj\\ q = I. Set ~ 9j = ^gf^ 
i ^ j. Furthermore \\gj\\ q = and supp(^) = supp(^). 



G L q [0, 1]. Note that gj(gj) = 1 and gj(gi) = for 



Next let 



Fj is isometric to ip ]+l and 



iS J,- 



iV/ p a -N- 1,q E a 



sup < 



i&Jj 



(Vo| p + E k 



i/p 



the "sup" is taken over all nonzero (a^)^ G £p J+1 



II^'IkII = sup < 



A// - E ^ 



-i/^ii ~ 



ieJj 



1 1| g || yj ||p 



(kl p + E Wi\ p \\g 



p 
*IIP 



i/p 



1 1| q Ci 



where (ej)^ is the unit vector basis for £^ J+1 . 

Thus, since /ij and (g^iejj are disjointly supported in L c 



110. 



j \ \Lq 



Now for zq G J 



N : 

Thus Ker 0^1^ = Ej. It follows that 

d{zj,Ej) > 



Va _ jvr 1/g = . 



> c> 



IIVj||<? HVjIlg 

for some c and all j, since is seminormalized in L q . 
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We define Pj : Fj -»■ by 
(10) Xzj + (-7= hj +9i)^J2 hi {~7W- kj + 9i 



ieJj V " 3 V J 

and let P = Y^jLi^j- Let C = sup^- \\Pj\\. Let x = Y^jL\ x ji x j = a j^j + SieJ c »9' i e 
Then by ([TDJ) , 

oo oo 

j=l j'=l igjj 

for some sequence Thus to show that P is bounded we need only show that for some 
K < oo, 

oo 

< K\\x\\ . 



3=1 ieJj 



Now 



i=l igJ, 



i/p 



(hj) admits a lower £ p estimate since p > 2. Thus for some K, 



i/p 



3=1 ieJj 



< C 



KP \\J2 a 3 h 3 +J2 \\J2 Cigi 

II \p ' II 



< C Altai 



□ 



5. Compactness of restriction operators 



In the case where (T\ i f) c ^ 1 is an unconditional basic sequence of translates of some / G 
Lp(R), 1 < p < 2, the space X p (f, (A*)) must be quite thin as the next proposition reveals. 

Proposition 5.1. Let f G L p (M.), 1 < p < 2. LetT\.f = /j 6e sitc/i #ia£ is unconditional 
basic. Let I C R 6e a bounded interval and X = X p (f, (Aj)). T/ien i/ie map Tj : X — >■ L p (L), 
x i — ► a; | j, is a compact operator. 
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Proof. For p = 1 this follows by the proof of Corollary 2.4 |OSSZj . In fact this holds under 
the assumption that (/;) is basic (and even less). 

Suppose that 1 < p < 2 and e > 0. Since Y^Li WMAlp < 00 ( see Proposition 2.1, |OSSZ] ) 
there exists N E N so that (YIZn \\fi\i\\ p ) 1 ^ p < e - Let x = YmLn a if^ \\ x \\p = 1- Then 

oo ^ oo \ 1/} / CO v 1/p 

IM/II <X>|||/,MI < (X>|«) (Ell^llp) 

by Hdlder's inequality (± + ± = 1). Since g > 2, (J^. H") 1 /? < (J2Zn H 2 ) 1/2 - Further- 
more, by the unconditionality of (fi), there exists a constant i-T so that 

oo x 1/2 



/ OO sl/Z 

(5^H 2 ) < = K . 

^ 1=1 ' 



K depends only on p, the unconditionality constant of (fi) and ||/|| = for i 6 N. Thus 
\\ x \i\\ < This proves that Tj is a compact operator on X. □ 

We will show in Proposition 15.41 below that Proposition 15.11 fails for p > 2. However, in 
the range 2 < p < 4 we have the following result whose proof can be extracted from the 
proof of [OSSZl Theorem 2.11]. 

Proposition 5.2. Let f G L P (M.), 2 < p < 4. Lei T^/ = fi be such that (fi) is unconditional 
basic. Then there is a basic sequence (gi) in L P (M.) equivalent to (fi) such that with Y = 
span{g,j : i e N} for any bounded interval / CI the map Tj : Y —> L p (I), y i — > y\j, is a 
compact operator. 

Proof. Let (hj) be the normalized Haar basis for L p [0, 1]. For i G Z and j 6 N let /i| be hj 
translated to [i,i + 1]. Thus (hj) is a normalized unconditional basis of L P (W). 

By approximating each /j by a simple dyadic function we find a seminormalized block 
basis (gi) of such that 



;n) £ ll m - i#i || P < °° ■ 



t=i 
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By a very useful observation of Schechtman [S] it follows that (/j) is equivalent to (gi). 

Set y = span{(/j : ieN} and let / be a bounded interval. To show that Tj : y — >■ L P (I) is 
compact we can assume that J = [— M, M] for some MeN. It follows from ( !TT|) and |OSSZt 
Proposition 2.1] that ll^kllp < 00 ■ Fix £ > and choose iV with 

00 

(12) EW< £ - 

j=iV 

We note that (gi\i) is a block basis of (hl)(j^ : _m<i<m) (after omitting zero vectors), and 
thus it is unconditional basic. Let y = YI^n a i9i ^ ■ Recalling that seminormalized 
unconditional basic sequences in L p (R) satisfy lower £ p and upper £ 2 estimates, we obtain 
the following inequalities with some constant C (dependent only on p and the norm of /). 

1/2 



\y\i\\v = \\^ a i9i\i\\ P < c(^Wi\ 2 \\gi\i\\lj 

i=N ^ i=N ' 

< C\\(ai)°Z N \\i p l \\9i\i\\p 2 J (using Holder's inequality with | and ^) 

V „■_ AT / 



✓ 00 «. 1/p 

< c 2 lbll P E ItoWg ^ cV /p IMIp (^mg -f- > p) . 

This completes the proof. □ 

It is worth noting that when the operators Tj on some subspace X C L P (R) are compact 
for all bounded intervals / then X must embed into £ p in a natural way as the next propo- 
sition reveals. This observation and Proposition 15.11 and 15.21 above simplify some arguments 
in [OSSZ] . 

If P is a partition of R into bounded intervals (Ij) we let Ep denote the conditional 
expectation operator on L P (R) given by 

00 „ 

= E / /(OA^h- 
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Proposition 5.3. Let X be a subspace of L p (5&), 1 < p < oo. If for all bounded intervals 
I C M the operator 

Ti : X -> L p {I),x^ x\i 

is compact, then for all e > there exist a partition Pof'W into bounded intervals so that 
for all x G Sx, \\x — E,p(x)\\ < e. Thus X embeds into l p . 

Proof. For n G N let Q n be the set of dyadic intervals of length 2~ n in [0, 1), i.e. 

Q n = {[0,2""),[2-",2 1 -"),...[l-2-M)}. 

Then Eq n converges pointwise to the identity on L p [0, 1] and therefore there exists for every 
relatively compact set K C L p [0,l) and every 5 > a large enough k G N so that for 
all x G K, \\x — KQ k (x)\\ < e. Choose a sequence (e n ) C (0,1), with < e and 

for each n choose a dyadic partition P n of the interval [n,n + 1) so that for all x G Sx, 

\\x\[ n ,n+l) — ^P n (x\[ n ,n+1))\\ < ^n- 

By taking P to be the union of all P n we deduce our claim. □ 

Proposition 15.11 fails in the case 2 < p < 4, and of course for p > 4 as well, as shown by 
the next proposition. 

Proposition 5.4. Let 2 < p < oo. There exists f G L P (R) and (Aj)^ C N so £/ia£ /or 
fi = T_\.f, (fi)iZi ^ equivalent to the unit vector basis of £ p . Moreover, letting I = [0,1] 
and Tj : X p (f, (—At)) — > L P (I), x i— > x\j, Tj is not a compact operator. 

Proof. Let - + - = 1 and let (Nj)'?L 1 be a subsequence of N satisfying YlJLi N]~~ p < oo. 
Set rrij = [iVj] for j G N and let (x^)^ be a normalized sequence of disjointly supported 
elements in L P (I). Let (J ? )^ =1 be a partition of N into successive intervals so that |«7j-| = rrij 
for all j. 
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For i 6 J,-, let xj be Xj placed on the interval [3\3 % + 1] by right translation of 3* units. 
Define 



/ = ££ N 



3=1 i£Jj J 



.r 



Note that 



x - x - 1 , p x - 1 x - iv" 



AT, P 



N 



oo 



so / G L p (R). 

Setting = T_ 3 if, for i 6 N, we have, as in the proof of Theorem 14.1 



(13) 



fi = Jj~ x i + 9i , for i G Jj , 



where the g^s are disjointly supported, seminormalized and with supports disjoint from I. 
(<&) is thus equivalent to the unit vector basis of £ p . 

To see that (fi) is equivalent to the unit vector basis of £ p , by ( fT3"j) it is sufficient to prove 
that for all (0^)°^ G £ p , 

i/p 



OO / OO \ 



(14) 

First note that for j G N, 



1/p 



1/9 



<2(5>r) 



1/p 



Hence 



p 1 p 00 1 v 00 

i=l 7=1 i€J, J 7=1 ieJ, J i=l 



which proves ([I 



To see that Xj is not compact, define yj = Yliej- fi- \\Vj\\ * s °f the order mj^ and 



> m 1 -^. Thus m ■ ±/P ?/j is seminormalized and weakly null in 



VP, 



1/P 



Lp(M), but || T/rn - > 1 for all j. 



□ 



Using much the same argument we have 
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Proposition 5.5. Let 2 < p < oo. There exists f G L P (M) and translations of f , fi = T_ 3 if, 
i G N, so that 

i) (fi) is basic, 

ii) L P (R) embeds isomorphically into X p (f, (— 3 l )) ; 

iii) (fi) can be blocked into an unconditional FDD. 

Sketch. Let (hj) be the normalized Haar basis for L p [0, 1]. For i,j G N, let h\ be hj translated 

to [3% 3* + 1]. Set / = EjEiej, j^K where \ J j\ = m j = \ N j] and ( J j) partitions N into 
successive intervals. As above fi = jfhj + gi, for % e Jj, where is seminormalized and 
disjointly supported in R \ [0, 1]. 

^ = Siej /i) it follows that 1 ^ P |/j = hj + ej where (ej) is seminormalized and 
disjointly supported in R \ [0,1]. Since (hi) admits a lower ^-estimate, it follows that 
(hj + ej) is equivalent to (hj), proving ii). 

Set Fj = spanj/j : i G Jj} and note that Fj C Fj = span{/ij, (g^iejj}- Since ( Fj) is an 
unconditional FDD, so is (Fj). 

To see that (fi) is basic we need only note that (fyiejj is uniformly equivalent, over j, to 
the unit vector basis of £™ J , as demonstrated in the proof of Proposition 15.41 □ 

6. Open problems 
We end with a collection of remaining open problems. 

Problems 6.1. Let / G L P (M.) and let (/,) be a sequence of translates of /. 

i) For 1 < p < oo, can (fi) ever be a basis of L P (R)? 

ii) For 1 < p < 2, can (fi) ever be basic such that L p embeds into span(/j)? 

iii) For 1 < p < oo, can (fi) ever be blocked into an (unconditional) FDD for L P (R)? 
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